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Lagrangian Formulation and External Forces

d (BL) oL B
dt\og;) dq;
or
_ - J
F Ql_z T aq;

* Non-conservative virtual work
* Forces that cannot be derived from a potential function V

* Externally applied forces, Q;, fall into this category

* As with all the generalized quantities, pay attention to the interpretation
* |f the generalized coordinate represents an angle, the generalized force

will be a torque




| ecture Overview

* Laplace Transform
 Transfer function

Next Week:
* Inverse Laplace Transform




Laplace Transform

* For a given function f (t) with f(t) = 0 for t < 0, Laplace transform of this

function is defined as follows:

F(s) = LIF(D)] = j F(Oestdt
0

s is a complex variable
s=a+jb

f(1) } F(s)

* From differential equations to algebraic equations




Laplace Transform of Common Functions

* Exponential function

0, £<0
[0 = {Ae‘“t, £>0

(0 0) (0 0)

F(s) = L[Ae %] J Ae %te™Stdt = Af e~ (@+s)tgy —
0 0

A
S+ a

* \We assumed that the real part of s is greater than -a (the abscissa of
convergence), so that the integral converges.




Laplace Transform of Common Functions

* Unit Step function

oo

o) = 0 1< () Le)] = Jle—”dt =
] 1 t=0 )

£(1) u(t)

 Ramp function

s [0 <0 : O
ut) = At >0
U(s) = J Are-stdr = A< —@t J 1
S
0 0

Vo

Pl




Integration by Parts

b b
/ u(z)v' (z) dz = [u(z)v(z)]f —/ v (z)v(z)dz
= u(b)v(b) — u(a)v(a) — / v (z)v(z) dz




Laplace Transform of Common Functions

* Sinusoidal function

ejwt + e—jwt

cos(wt) =

2
() = <0
T Asin(arn) £> 0
) = 0 <0
= Acos(t) t>0

jot _ —jowt
sin(wt) = c .e
2j
L
> U(s) =
L
> U(s) =




Laplace Transform of Common Functions

* |Impulse function
P T)

oo

J5(t)dt = 1

— 00

> [

0

oo 0+ oo

L&) = JS(t)eStdt = J5(t)eodt+ JOeStdt = 1

0 0 0+




Laplace Transform of the Derivative of a Function

f<) J (t) e—Stdt
0

* Integration by parts

(e o]

ﬂ(%f(t)}estdt = [f(e|, - j F()(=s)e-stdr

0

—f(0) + ij(t)e‘“dt= sF(s) — f(0)
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Laplace Transform of the Derivative of a Function

* Higher order derivatives
d? 5 d
L] 55 0] = $F6) = 5£0) = L O

dn-1
drm -1

Q — ¢n _on—1 . .
L[dtn f(z)] $UF(s) — 5"~ LF(0) — ... £(0)
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Laplace Transform of the Integral of a Function

— o0 p—-

Jf(f)df

I
—

* Integration by parts

LUf(T)dr} =
0

o

= —{ewj‘f(r)dr

- 0-=0

Jf(T)dT e S'dt

- J‘f(t)(—%)e—s‘dt

¢ j f(r)dr}+ J‘f(t)e—“dt F(s)
S
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Properties of Laplace Transform

* The Linearity Property

LI f1(0] = F(s)
LI (D] = Fy(s)

Llc, f1(O)+c, [H(O] = ¢ F(s) + c, Fo(s)
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Properties of Laplace Transform

* Time shift

oo

Let-1)f(t-1)] = jg(t — D f(t—1)eSdt = Jf(t — T)esStdt

0
substitute

v=t-7T Let-1f(t-1)] = e‘“J‘f(v)e‘de = e STF(s)

* Shift along the s-axis

(e o]

LleMF(1)] = J-e‘“f(t)e‘“dt = Jf(t)e‘(“Mtdt =F(s+ A)

0
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Properties of Laplace Transform

* Multiplication by t

dX(s)
ds

F(s) =L[tx(t) ] = —
n dn

LI"f(D)] = (1) —F(s)
ds?

* Multiplication by 1/t

L [@] = Joof(u)du assuming that £ [@] - 0ass - ©
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Properties of Laplace Transform

* Final value theorem

lim f(t) = lIm sF(s)

t — oo s—0
LF(D) = f e~SLF! (D)dt = sF(s) — £(0) ()
00 ° T
lim [ e=f/(6)dt =1lim Jim j =St/ (6)de = lim Jim {e~T£(T) — F(0)}
0 0
= Iim £(T) — £(0) = lim £(£) ~ £ (0) @)

From (1)&(2)  limsF(s) — f(0) = lim f(t) — £(0)

* Conditions: The function f (t) and df/d¢must possess Laplace
transforms and f (t) must approach a constant value as t = o
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Properties of Laplace Transform

* |nitial value theorem

Iim f(r) = lIim sF(s)

t—0 S — oo

f(t) is of exponential order =) L}n?o e %tIf ()] =0

oo

lim ﬂad; f(t):|e—3tdt = 0 = lim sF(s)— £(0)

§ —> oo § —> oo
0
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Laplace Transform Table

x(t) X(s)

5(t) 1

£(t) s

s(t)t" n!/Sn+1

e(t)e™ Ysta

e(t)the 4t n!/(S + q)n+l
g(t)cos(wt) S/SZ + w?
e(t)sin(wt) w/SZ + w?
Ot Grey

e(t)e %*tsin(wt) a)/(s + )2 +w?
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Laplace Transform Table

x(t) X(s)
e % f (1) F(s + a)
et—1)f(t—1) e STF(s)
f@)*g() F(s)G(s)
dn n dk—l
S SUF(S) — Y S Kgie Ohr = ] < o
k=1
t
ff(r)dr is)
5 S
d’n
eF () D g F )
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Example 1: Decomposition

* Direct Integration
£ g _

A
LIf(D)] = J le—Stdt+JOe—Stdt _ %(1 _ 5T

1
0 T
t

0 T

* Combination of known signals

f() = &) —&t— 1) LIf(] = Lle@®)] - LIt —1)]

LIf0O] = LIe®] - e~ LIeD)] = (1-eT) L&0)] = (1—e—sf>§
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Example 2: Exponentials and Final Value

i F() = Al -e]  g>0
A Lo e
F(s)=é— A _ Ao
s s+o s(s+ o)
0 >t

lim £(r) = lim [sF(s)] = lim[ AO‘] = A
t — oo s—0 s—>0LS + O
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Example 3: Time shift

sinf t >3
“”:{0 [ <3

S(t) = &(t — 3)sin(t)

sin(t) = sin(t — 3 + 3) = sin(t — 3) cos(3) + cos(t — 3) sin(3)

L{S(t)} = L{e(t — 3)sin(t — 3)} cos(3) + L{e(t — 3)cos(t — 3)}sin(3)

s (cos(3) +ssin(3))e™>*

L{S(t)} = e735 cos(3) e T

+ 735 sin(3)

s24+1
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Example 4: Time Derivative

u(t) = cos(@t)e(t) U(s) = 5y s
y(t) = sin(wt)e(t) Y(s) =7
7 teos(wt)} = —w sin(wt)
L5 feos(wn}e) = Szwz —u(0) = —Schwz
o Lisin(@) e(0) =~ 52— Wp Lisin@De(®) = s
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Example 3: Inverse Projection

1
(s+a)

If F(s) = then find f(¢t).

Lil =< and  Lie®f(1)] = F(s+a)

S

|
(s+a)?

L]e 2] =

24



Laplace Transform of Convolution

* Assumethatf(t)=g(t)=0fort<O0

t t
h(t) Eff(f)g(t— 7)dT = jf(t— g(ndt = f(1) * g(1)
0 0

- i o
H(s) =L Jf(r)g(t—r) dt| =L Jf(r)g(t—r)e(t—r) dT]
10 l -0

co

=je‘5t Uf(r)g(t—r)e(t—r) dt dt=ff(r)drjg(t—r)e(t—r)e‘“dt
0 0 . 0 0

co

H(s) = f f (T)e_STdTJ gDe A dA = F(s)G(s)
0

0

substitute
A=t—1
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Transfer Function

The output, y(t), of an LTI system with the impulse response g(t] for an input

signal, u(t), is given by:
t t

y(1) = ju(f)g(t— 7)d7T = ju(t— 7)g(7)d7
0 0

In the Laplace domain, the relation is given by

Y(s) = G(s)U(s)

The Laplace Transform of the impulse response is called Transfer Function

G(s)= L{g(1)} = %

26



Transfer Function

Input-Output Representation with Transfer Function

u(r) y(?) U(s) Y(s)
—_—s] 30 —e| G(s)

Mathematical description of LTI Systems
* Linear State Model: n first order linear differential equations
* Input-output Model: A linear differential equation of order n

State-Space Representation vs Transfer Function
* The dependence on the input signal
* Real vs Complex Variables

27



Input-Output Model

Linear, time-invariant system

ymWtqa ye=Dy +ayD4a,y

= b, u"™ +b

m—1

The transfer function is given by:

m m-— 1
b.s +b_ s

(m-1)

+...+bs+b,

(1

.+ bu )+b0u

Y()(S) - U()(S)

Y(s) = .

s +a, (s" 1+ .. +as+a,

n—1

Forced response

Yo(s)= yos" 1+ [y§V +a,_yols" 2+

Uo(s) =b,_ugs™ L+ [b ul+b__ uy]sm2+

-+

U(s)

n n—1
s +a, s"l+.+as+a

Free response

oy P ra, TP+ L+ ayy,]

o+ [b ™ Db w2+ +bugl
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Input-Output Model

Linear, time-invariant system that is initially at rest
yMWta ye-Dy o +ay(D4a,y

(m-1)

m—1

1
= b u"™ +b +oo b+ byu
The transfer function is given by:

iy
Gsy = YO _ b s +b__.s  +..+bs+b,

_ e m<n
) n n—1 :

* Poles are the roots of the denominator polynomial
e Zeros are the roots of the numerator polynomial
* Order of the system: degree of denominator polynomial
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Example 1

V(1) +23(1) = 2u(1) v(0) = -1, y(0) = 0

Reminder:

d _ _ dz = $2F(s)— _d
L fw] =sF@ - O L5 f0)] = SF6 - sf0) - T 1(0)

[s°Y(s)+s]+2[sY(s)+ 1] = 2U(s)

_ 2 _(s+2) _ 2 1
Yis) = S(S+2)U(S) s(s+2) s(s+2)U(S) )
Forced Free

response response
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Example 2

B = —x +x+u x(0) =0
X, = x,-2x, %,(0) = 0
X ()[s+1] = X5(5) + U(s)
Xy(s)[s+2] = X, (s)
Xy(s)[s+21Ls + 1] = X,(s) + U(s)

X5(s) 1 Forced

U(s) S2 + 354 ] Fesponse

Find
X5(s)/U(s)
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Example

Initially at rest

F(t) k

Mix = F+ky+ fy
m(X+y) = —ky—fy
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Example

Mx = F+ky+ fy
m(X+y) = —ky—fy

F(s)+(fs+k)Y(s)

Ms?X(s) = F(s)+ (fs+k)Y(s) md X(s) = Vo2
S

m[s2X(s) +s2Y(s)] = —(fs + k)Y (s) /
\ 1

Yis) - _
F(s) Ms?2+(M/m+1)fs+(M/m+ 1)k
'

X(s) _ s2+ (f/m)s + kim
F(s) s2[Ms?+(M/m+1)fs+(M/m+ 1)k]
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Linear State Model

Linear, time invariant system

%(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

Laplace Transform

sX(s)—x, = AX(s)+BU(s)

Y(s) = CX(s)+DU(s)

“

X(s) = (sI-A)'BU(s)+ (sI — A)~lx,

Y(s) = [C(sI—A)"'B+D]U(s) + C(s] — A)~x,
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Linear State Model

Linear, time invariant system that is initially at rest

X
Transfer Matrix / 9P

G(s) = C(sI-A)'B+D

/ /b N\

q X qXn nxn nxp
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Example

(1) = [ 0 a )x(t)+[ 0 )u(t)
—a 0 1

y(1) = (1 0)x(z)

G(s) = C(sI—A)y"'B+D

s a
O R Sty [
52 +a? s?+a?]
1 1 B
[Ccl Z] ad — bc [—dc ab]
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Example

(1) = [ 0 a }x(t)+( 0 ]u(t)
—-a 0 |

y(1) = (1 0)x()

X1(1) = ax,(1) £> sX(s) = aX5(s)

Xo(1) = —ax (1) + u(r) i sX,(s) = —aX(s)+ U(s)
¥(1) = x,(t) 3 Y(s) = X,(s)

= G(s) = Y@s) - _a
U(s) s2+a?
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